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Abstract
In this paper we establish some Lp-estimates and existence theorems for the ∂¯-operator on a holomorphic
Hermitian vector bundle over a complete Kähler manifold. As applications, we prove some vanishing the-
orems of the Lp-Dolbeault cohomology on complete Kähler manifolds with suitable geometric conditions.
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1. Introduction
In his seminal paper [24], Kodaira proved the vanishing theorem of the ∂¯-cohomology
Hq(M,KM ⊗ L) for q  1 on compact Kähler manifolds M with a positive holomorphic line
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X.-D. Li / Advances in Mathematics 224 (2010) 620–647 621bundle L, where KM is the canonical line bundle over M . In 1965, Hörmander [20,21] and
Andreotti and Vesentini [3] independently developed the method of using a priori L2-estimates
to establish existence theorems of the Cauchy–Riemann equation ∂¯f = g, ∂¯g = 0 on pseudo-
convex domains and complete Kähler manifolds. Now the method of L2-estimates of ∂¯ becomes
an important tool in the study of various problems of complex analysis and geometry on Kähler
manifolds, cf. [26,27,12,15].
Let (M,ω) be a complete Kähler manifold, E a holomorphic Hermitian vector bundle
on M . Let D = D′ + D′′ be the Chern connection on E such that D′′ = ∂¯ . Let Θ(E) =
D′D′′ + D′′D′ be the curvature operator on E. Let Λ be the adjoint of L : C∞(Λp,qT ∗M) →
C∞(Λp+1,q+1T ∗M), u → ω ∧ u. Following Demailly [12,15], one can formulate the L2-
estimate and existence theorem of ∂¯ on complete Kähler manifolds as follows.
Theorem 1.1. (See [3,12,15,20,21].) Let (M,ω) be a complete Kähler manifold, E a holo-
morphic Hermitian vector bundle on M . Suppose that the curvature operator A := Ap,qE =
[√−1Θ(E),Λ] is positive definite everywhere on Λp,qT ∗M ⊗E, q  1. Then for any E-valued
(p, q)-forms g ∈ L2(M,Λp,qT ∗M ⊗ E) with
∂¯g = 0 and
∫
M
〈
A−1g,g
〉
dv < +∞,
there exists an E-valued (p, q − 1)-form f ∈ L2(M,Λp,q−1T ∗M ⊗ E) such that
∂¯f = g
and ∫
M
|f |2 dv 
∫
M
〈
A−1g,g
〉
dv.
Since the beginning of the 1970s, the study of Lp-estimates and existence theorems of ∂¯ on
pseudo-convex domains has been an important issue in analysis of several complex variables,
cf. [1,5,6,9,10,18,19,23,28,37,43]. The method used in above mentioned works is strongly re-
lied on the Henkin representation formula of ∂¯ on strongly pseudo-convex domains. In the past
years, this method has been successfully extended to strongly pseudo-convex manifolds and to
Stein manifolds. However, it seems that one cannot find results on Lp-estimates and existence
theorems of ∂¯ in the general setting of complete Kähler manifolds. On the other hand, when we
tried to study the problem of Lp-estimate and existence theorem of ∂¯ on complete Kähler mani-
folds, we realized that the proof of Theorem 1.1, which is based on the Akizuki–Kodaira–Nakano
formula (cf. [12,15,24])
E =E + [√−1Θ(E),Λ]
and the standard Bochner technique, cannot be straightforward extended to the case of Lp for
p = 2. New conditions must be imposed and a new method must be developed.
After the work of Strichartz [41] and Lohoué [34,11,35], it has been generally known that the
Lp-cohomology theory for 1 < p < ∞ over complete Riemannian manifolds is closely related
to the study of the Lp-boundedness of the Riesz transforms on complete Riemannian manifolds.
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potentials in the study of the Lp-Hodge decomposition theory and the Lp-cohomology theory on
complete Riemannian manifolds. In particular, we proved some Lp-estimates and existence the-
orems of the De Rham operator d and obtained some vanishing theorems of the Lp-cohomology
on complete Riemannian manifolds with suitable geometric conditions. In [33], we proved some
Lp,q estimates and existence theorems of the De Rham operator d and obtained some vanishing
theorem of the Lp,q -cohomology on a class of complete Riemannian manifolds with suitable
geometric conditions.
The purpose of this paper is to establish some Lp-estimates and existence theorem of ∂¯ on
holomorphic Hermitian vector bundles over complete Kähler manifolds by extending the method
used in [32,33]. Our main results are stated in Section 2. Here, to help the reader to understand
the significant difference between p = 2 and p = 2, we would like to point out that, what we
need to use in our main results is the Weitzenböck curvature operator Wr,k(E) rather than the
Akizuki–Kodaira–Nakano curvature operator Ar,kE appearing in Theorem 1.1. For details see
Remark 2.4 below.
The rest of this paper is organized as follows. In Section 2, we state the main results of this
paper. In Section 3, we give a proof of the Bochner–Lichnerowicz–Weitzenböck formula for the
Kodaira Laplacian on holomorphic Hermitian vector bundles over complete Kähler manifolds.
In Section 4, we prove the probabilistic representation formula of the heat semigroup of the
Kodaira Laplacian and prove some semigroup domination inequalities. In Section 5, we prove
the Lp-boundedness of the Riesz transforms and the Lp-boundedness of the Riesz potentials
associated with the Kodaira Laplacian on complete Kähler manifolds with suitable geometric
conditions. In Section 6, we prove some Lp-estimates and existence theorems of ∂¯ on Hermitian
vector bundles over complete Kähler manifolds. In Section 7 we prove some vanishing theorems
of the Lp-Dolbeault cohomology on complete Kähler manifolds. In Section 8, we extend the
main results of this paper to the ∂¯-operator by introducing conformal factor to Hermitian metrics
on holomorphic vector bundles over complete Kähler manifolds.
2. Main results
Let M be a complete Kähler manifold with Kähler metric gij¯ , E a holomorphic Hermitian
vector bundle over M with Hermitian metric hαβ¯ along its fibers. Let ∂¯E , ∂E be the natural
extensions of ∂¯ , ∂ on E-valued (p, q)-forms. Let ∂¯E,∗, ∂E,∗ be the formal adjoint operators of
∂¯E , ∂E with respect to the volume measure on (M,g). Let E = ∂¯E∂¯E,∗ + ∂¯E,∗∂¯E be the holo-
morphic Kodaira Laplacian on E-valued (p, q)-forms over M , and E = ∂E∂E,∗ + ∂E,∗∂E the
anti-holomorphic Kodaira Laplacian on E-valued (p, q)-forms over M . The horizontal Lapla-
cian E acting on E-valued (p, q)-forms is defined by
E = ∇E,∗∇E = gij¯∇i∇j¯ + gij¯∇j¯∇i .
The Riemannian curvature tensor on (M,g) is
Rij¯kl¯ = −∂i∂j¯ gkl¯ + gs¯t ∂igks¯∂j¯ gt l¯ ,
and its Ricci curvature tensor is
Rij¯ = gkl¯Rij¯kl¯ .
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The curvature form on E is defined by
ΘE
αβ¯
= √−1
∑
i,j
Ωαβ¯ij¯ dz
i ∧ dzj¯ ,
where
Ωαβ¯ij¯ = −∂i∂j¯ hαβ¯ + hλμ¯∂ihαμ¯∂j¯ hλβ¯ .
In this convention, ΘE
αβ¯
is a positive definite (1,1)-form when E is a positive line bundle, and
Ωαβ¯ij¯ coincides with the curvature tensor when E is the holomorphic tangent bundle of M . The
mean curvature on E is defined by
Ωαβ¯ = gij¯Ωαβ¯ij¯ .
Recall the Bochner–Lichnerowicz–Weitzenböck formula (cf. [2,7,8,13,14,36,42])
2E = E +Wp,q(E), (1)
where Wp,q(E) is the Weitzenböck curvature operator acting as a Hermitian endomorphism on
Λp,qT ∗M⊗E. Let ω1, . . . ,ωn be a local ONB of T 1,0M , ω1, . . . ,ωn its dual basis. When p = 0,
according to [36, Remark 1.4.8, formula (1.4.31)], one can express W0,q (E) as follows
W0,q (E) = 2
(
ΘE + 1
2
Tr
[
RT (1,0)M
])
(ωi, ω¯j )ω¯
j ∧ iω¯i −ΘE(ωj , ω¯j ). (2)
The explicit expression Wp,q(E) acting on general E-valued (p, q)-forms is given in Section 3.
For all r, k = 1, . . . , n and for all p > 1, let us introduce
Hr,kp (M,E) :=
{
ω ∈ Lp(Λr,kT ∗M ⊗E): Eω = 0},
Ωr,kp (M,E) :=
{
ω ∈ Lp(Λr,kT ∗M ⊗E): ∂¯Eω ∈ Lp(Λr,k+1T ∗M ⊗ E)},
W 1,p
(
Λr,kT ∗M ⊗ E) := {ω ∈ Lp(Λr,kT ∗M ⊗E): ∣∣∂¯Eω∣∣, ∣∣∂¯E,∗ω∣∣ ∈ Lp(M)}.
By definition, the (r, k)-th unreduced and the (r, k)-th reduced Lp-Dolbeault cohomology on
E → M , denoted by Hr,k,p(M,E) and Hr,k,p(M,E) respectively, are defined by
Hr,kp (M,E) :=
(
Ker ∂¯E
)∩Ωr,kp (M,E)/∂¯EΩr,k−1p (M,E),
Hr,kp (M,E) :=
(
Ker ∂¯E
)∩Ωr,kp (M,E)/∂¯EΩr,k−1p (M,E),
where ∂¯EΩr,k−1p (M,E) denotes the closure of ∂¯EΩr,k−1p (M,E) in Lp(Λr,kT ∗M,E).
We now state the main results of this paper. Our first result establishes some Lp-estimates and
existence theorem of ∂¯ as well as a vanishing theorem of Lp-Dolbeault cohomology on complete
Kähler manifolds.
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over M . Suppose that there exists a constant ρ > 0 such that
Wr,k−1(E) 0, Wr,k(E) ρ.
Then, for all p > 1, and α ∈ Lp(Λr,kT ∗M ⊗E) satisfying
∂¯Eα = 0,
there exists a unique ω ∈ Lp(Λr,k−1T ∗M ⊗E)∩ (Ker ∂¯E)⊥ such that2
∂¯Eω = α,
and there exists a constant Cr,k > 0 depending only on r and k such that
‖ω‖p  Cr,k(p
∗ − 1)3/2√
ρ
‖α‖p,
where and throughout this paper
p∗ = max
{
p,
p
p − 1
}
.
Moreover, for all p > 1, the (r, k)-th Lp-Dolbeault cohomology vanishes and is reduced, i.e.,
Hr,kp (M,E) = Hr,kp (M,E) = 0.
Our second result establishes the Lp-Poincaré inequality for E-valued (r, k)-forms on com-
plete Kähler manifolds. More precisely, we have:
Theorem 2.2. Let M be a complete Kähler manifold, E be a holomorphic Hermitian vector
bundle over M . Suppose that there exists a constant ρ > 0 such that
Wr,k±1(E) 0, Wr,k(E) ρ.
Then, for all p > 1, α ∈ Lp(Λr,k+1T ∗M ⊗ E) and β ∈ Lp(Λr,k−1T ∗M ⊗ E) such that
∂¯Eα = 0, ∂¯E,∗β = 0,
there exists a unique ω ∈ Lp(Λr,kT ∗M ⊗E)∩ (KerEr,k)⊥ such that3
∂¯Eω = α, ∂¯E,∗ω = β, (3)
2 Here ω ∈ Lp(Λr,k−1T ∗M ⊗E)∩ (Ker ∂¯E)⊥ iff ω ∈ Lp(Λr,k−1T ∗M ⊗E) and ∂¯Eω = 0.
3 Here ω ∈ Lp(Λr,kT ∗M ⊗ E)∩ (KerE )⊥ iff ω ∈ Lp(Λr,kT ∗M ⊗ E) and E ω = 0.r,k r,k
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‖ω‖p  Cr,k(p
∗ − 1)3/2√
ρ
(‖α‖p + ‖β‖p). (4)
Moreover, for all p > 1, and for all ω ∈ W 1,p(Λr,kT ∗M ⊗ E), the following Lp-Poincaré in-
equality holds:
‖ω − Hpω‖p  Cr,k(p
∗ − 1)3/2√
ρ
(∥∥∂¯Eω∥∥
p
+ ∥∥∂¯E,∗ω∥∥
p
)
, (5)
where Hp : Lp(Λr,kT ∗M ⊗E) →Hr,kp (M,E) denotes the Lp-Bergman projection.
We now consider the particular case of holomorphic line bundles over complete Kähler mani-
folds. Let M be a complete Kähler manifold, L be a Hermitian holomorphic line bundle over M .
Let λ1  · · · λn be the eigenvalues of the curvature form Ωij¯ , and r1  · · · rn be the eigen-
values of the Ricci curvature Rij¯ on (M,g). Let us define
W 0,q (L) := λ1 + · · · + λq − λq+1 − · · · − λn + qr1,
Wn,q(L) := λ1 + · · · + λq − λq+1 − · · · − λn + r1 + · · · + rn − qrn.
By direct calculation it is easy to verify that
W0,q (L)W 0,q (L), Wn,q(L)Wn,q(L).
Combining the above curvature bounds with Theorem 2.1, we derive the following Lp-
estimates and existence of ∂¯ as well as vanishing theorem of the Lp-Dolbeault cohomology
on holomorphic Hermitian line bundles over complete Kähler manifolds.
Theorem 2.3. Let M be a complete Kähler manifold, and L a holomorphic Hermitian line bundle
over M . Suppose that there exists a constant ρ > 0 such that
W 0,k−1(L) 0, W 0,k(L) ρ.
Then, for all p > 1, and α ∈ Lp(Λ0,k+1T ∗M ⊗L) satisfying
∂¯Lα = 0,
there exists a unique ω ∈ Lp(Λ0,kT ∗M ⊗L)∩ (Ker ∂¯L)⊥ such that4
∂¯Lω = α,
4 Here ω ∈ Lp(Λ0,kT ∗M ⊗L)∩ (Ker ∂¯L)⊥ iff ω ∈ Lp(Λ0,kT ∗M ⊗L) and ∂¯Lω = 0.
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‖ω‖p  Ck(p
∗ − 1)3/2√
ρ
‖α‖p.
Moreover, the (0, k)-th Lp-cohomology of ∂¯ vanishes and is reduced, i.e.,
H0,kp (M,L) = H0,kp (M,L) = 0.
Similar results hold for L-valued (n, k)-forms and for the (n, k)-th Lp-cohomology providing
Wn,k−1(L) 0 and Wn,k(L) ρ.
Remark 2.4. As far as we know, Theorems 2.1, 2.2 and 2.3 are new in the literature. The corre-
sponding version of Theorems 2.1, 2.2 and 2.3 on holomorphic vector bundles with a conformal
factor to the Hermitian metric over complete Kähler manifolds will be given in Section 8. Note
that the condition in Theorem 2.1 is different from the one used in Theorem 1.1. When p = 2,
to get the Lp-estimates and existence theorem of ∂¯ , instead of using the Akizuki–Kodaira–
Nakano curvature operator Ar,kE = [
√−1Θ(E),Λ] appearing in Theorem 1.1, we need to use the
Weitzenböck curvature operator Wr,k(E) which naturally appears in the Bochner–Lichnerowicz–
Weitzenböck formula (1). To see this, let us first give an alternative proof of Theorem 1.1
which is different in some sense from the original one given in [3,12,15,20,21]. Indeed, by in-
tegration by parts and using the Akizuki–Kodaira–Nakano formula E = E + Ar,kE , for all
u ∈ C∞0 (Λr,kT ∗M ⊗E), we have
∥∥√Eu∥∥22 = 〈〈Eu,u〉〉= ∥∥D′u∥∥22 + ∥∥D′ ∗u∥∥22 + 〈〈Ar,kE u,u〉〉 〈〈Au,u〉〉.
Thus, the Riesz potential of E , denoted by E,−1/2, is well-defined on E-valued (r, k)-forms
u satisfying Eu = 0 and 〈〈A−1u,u〉〉 < +∞. Moreover,
∥∥E,−1/2u∥∥22  〈〈A−1u,u〉〉.
On the other hand, integration by parts also implies that
∥∥∂¯Eu∥∥22 + ∥∥∂¯E,∗u∥∥22 = 〈〈Eu,u〉〉.
This yields that the Riesz transforms ∂¯EE,−1/2 and ∂¯E,∗E,−1/2 are always bounded in L2
with respect to the volume measure on M . Let f = ∂¯E,∗E,−1g, where g is an E-valued (r, k)-
form satisfying the assumption in Theorem 1.1. Then, one can verify that f is a solution to
∂¯Ef = g. Moreover, writing f = ∂¯E,∗E,−1/2E,−1/2g, we have
‖f ‖2 
∥∥∂¯E,∗E,−1/2∥∥2,2∥∥E,−1/2g∥∥2  ∥∥A−1/2g∥∥2.
Therefore
‖f ‖2  〈〈A−1g,g〉〉.2
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standard Bochner technique, cannot be straightforward extended to the case of Lp for p = 2.
To develop the Lp-estimates and existence theorems for ∂¯ , we need to establish the Lp-
boundedness of the Riesz transform ∂¯E,∗E,−1/2 and the Lp-boundedness of the Riesz potential
E,−1/2. To this end, we need to establish some pointwise gradient estimates and pointwise
semigroup domination inequalities for the solution to the heat equation on E-valued (r, k)-forms
over complete Kähler manifolds
∂tu =Eu. (6)
By the ∇ and ∇-Bochner formulas on Kähler manifolds (cf. [39,40] or Section 3 below), we
have
E = E1 + some curvature terms,
E = E2 + some curvature terms,
where E1 = ∇∗∇ and E2 = ∇∗∇ . Now, if we use only one of the above Bochner formulas or
the Akizuki–Kodaira–Nakano formula to study (6), we meet a difficulty that E1 = ∇∗∇ and
E2 = ∇∗∇ are not real operators, i.e.,
E1 u = E1 u¯, E2 u = E2 u¯,
where u¯ denotes the complex conjugation of u ∈ C∞(Λr,kT ∗M ⊗E). Due to this fact, we cannot
use methods in stochastic analysis (Brownian motion, martingale inequalities, Feynman–Kac
formula, etc.) or in geometric analysis (maximum principle, Li–Yau gradient estimates, etc.),
which are essentially methods adapted to the real setting, to study the heat equation (6) for the
Kodaira Laplacian on Kähler manifolds. The main point used in our paper is that, instead of
using the Akizuki–Kodaira–Nakano formula, we use the Bochner–Lichnerowicz–Weitzenböck
formula
2E = E + Wr,k(E),
where E = ∇∗∇ + ∇∗∇ , which is the horizontal Laplacian (also called the rough Laplacian in
[13,14,8,36]) on C∞(Λr,kT ∗M ⊗E), is a real operator in the sense that
Eu = Eu¯.
In view of this, the Kodaira Laplacian E is essentially a Schrödinger type operator acting on
C∞(Λr,kT ∗M ⊗E), and therefore we can use methods in stochastic analysis or geometric anal-
ysis to study the heat equation (6) for the Kodaira Laplacian E on complete Kähler manifolds
and to obtain some important intermediate results (gradient estimates, semigroup domination
inequalities, Lp-boundedness of the Riesz transforms and the Riesz potential associated with ∂¯
and E , etc.) which enable us to establish the Lp-estimates and existence theorem of ∂¯ on holo-
morphic Hermitian vector bundles over complete Kähler manifolds. Let us mention that (1) has
been used in previous works of several authors [2,7,8,13,14,36,38,42].
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As was explained in Remark 2.4, the Bochner–Lichnerowicz–Weitzenböck formula (1) plays
an important role in this paper. In this section, for the convenience of the reader, we give an
explicit expression of the Weitzenböck curvature operator Wp,q(E). More precisely, we have the
following:
Theorem 3.1. Let (M,g) be a complete Kähler manifold with Kähler metric gij¯ , E a holo-
morphic Hermitian vector bundle over M with Hermitian metric hαβ¯ along its fibers. Let
u =∑α uαsα be an E-valued (p, q)-form on M ,
uα = 1
p!q!
∑
Ip,J¯q
uα
IpJ¯q
dzIp ∧ dzJ¯q ,
where Ip = (i1, . . . , ip), J¯q = (j¯1, . . . , j¯q), and sα is a basis of holomorphic sections on E. Let
E be the horizontal Laplacian on E-valued (p, q)-forms defined by
(
Eu
)α
IpJ¯q
= gij¯∇i∇j¯ uαIpJ¯q + g
ij¯∇j¯∇iuαIpJ¯q .
Then the Bochner–Lichnerowicz–Weitzenböck formula holds:
2Eu = −Eu +Wp,q(E)u,
where Wp,q(E) is the Weitzenböck curvature operator given by
(
Wp,q(E)u
)α
IpJ¯q
=
q∑
ν=1
Rl¯
j¯ν
uα
Ipj¯1...(l¯)ν ...j¯q
+
p∑
μ=1
Rkiμu
α
i1...(k)μ...ipJ¯q
+ 2
q∑
ν=1
Ω αl¯
β j¯ν
u
β
Ipj¯1...(l¯)ν ...j¯q
− Ω αβ uβIpJ¯q
− 2
p∑
μ=1
q∑
ν=1
R kl¯
iμ j¯ν
uα
i1...(k)μ...ipj¯1...(l¯)ν ...j¯q
, (7)
where (k)μ (resp. (l¯)ν ) means that the index in the μ-th place is replaced by k (resp. l¯).
Proof. By Siu’s ∇ and ∇-Bochner formulas on Kähler manifolds, cf. [39, p. 63, (3.12) and p. 64,
(3.16)], cf. also [40], we have
(u)α
IpJ¯q
= −gij¯∇i∇j¯ uαIpJ¯q +
q∑
ν=1
Ω αl¯
β j¯ν
u
β
Ipj¯1...(l¯)ν ...j¯q
+
q∑
Rl¯
j¯ν
uα
Ipj¯1...(l¯)ν ...j¯q
−
p∑ q∑
R kl¯
iμ j¯ν
uα
i1...(k)μ...ipj¯1...(l¯)ν ...j¯q
,ν=1 μ=1 ν=1
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(u)α
IpJ¯q
= −gij¯∇j¯∇iuαIpJ¯q −
p∑
μ=1
Ω α kβ iμ u
β
i1...(k)μ...ipJ¯q
+
q∑
μ=1
Rkiμu
α
i1...(k)μ...ipJ¯q
−
p∑
μ=1
q∑
ν=1
R kl¯
iμ j¯ν
uα
i1...(k)μ...ipj¯1...(l¯)ν ...j¯q
.
Note that our sign convention is opposite to that in Siu [39]. From the above formulas, we get
(
(+)u)α
IpJ¯q
= −gij¯∇i∇j¯ uαIpJ¯q − g
ij¯∇j¯∇iuαIpJ¯q
−
p∑
μ=1
Ω α kβ iμ u
β
i1...(k)μ...ipJ¯q
+
q∑
ν=1
Ω αl¯
β j¯ν
u
β
Ipj¯1...(l¯)ν ...j¯q
+
q∑
ν=1
Rl¯
j¯ν
uα
Ipj¯1...(l¯)ν ...j¯q
+
q∑
μ=1
Rkiμu
α
i1...(k)μ...ipJ¯q
− 2
p∑
μ=1
q∑
ν=1
R kl¯
iμ j¯ν
uα
i1...(k)μ...ipj¯1...(l¯)ν ...j¯q
.
On the other hand, we have
[∇j¯ ,∇i]uαIpJ¯q =
p∑
μ=1
Rk
ij¯ iμ
uα
i1...(k)μ...ipJ¯q
−
q∑
ν=1
R l¯
ij¯ j¯ν
uα
i1...ipj¯1...(l¯)ν ...j¯q
−Ω α
β ij¯
u
β
i1...ipj¯1...j¯q
.
Hence
(u)α
IpJ¯q
= −gij¯∇i∇j¯ uαIpJ¯q −
p∑
μ=1
Ω α kβ iμ u
β
i1...(k)μ...ipJ¯q
+Ω αβ uβIpJ¯q
+
q∑
ν=1
Rl¯
j¯ν
uα
Ipj¯1...(l¯)ν ...j¯q
−
p∑
μ=1
q∑
ν=1
R kl¯
iμ j¯ν
uα
i1...(k)μ...ipj¯1...(l¯)ν ...j¯q
,
where Ω αβ = gst¯Ω αβ st¯ . Using the above formulas for  and , Siu [39, p. 63, (1.3.7)] gave an
alternative proof of the Akizuki–Kodaira–Nakano formula
(
(−)u)α
IpJ¯q
=
p∑
μ=1
Ω α kβ iμ u
β
i1...(k)μ...ipJ¯q
+
q∑
ν=1
Ω αl¯
β j¯ν
u
β
Ipj¯1...(l¯)ν ...j¯q
−Ω αβ uβIpJ¯q .
From the above formulas, we complete the proof of Theorem 3.1. 
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4.1. Kähler diffusion
Let M and E be as in Section 2, U(M) be the unitary frame bundle over M . Let r = (x, e, v) ∈
U(M) × E, where e = (e1, . . . , en) ∈ U(M)x , v ∈ Ex . By definition, the canonical complex
horizontal vector fields A1, . . . ,An on U(M) × E are the unique horizontal lift of e1, . . . , en ∈
T Cx M in T Cr (U(M) × E), i.e., Aα is the unique horizontal complex vector in T Cr U(M) × Ex
such that
π∗(Aα) = eα, α = 1, . . . , n,
where π : U(M) × E → M is the canonical projection π(r) = x, π∗ : T Cr U(M) × Ex → T Cx M
denotes its complex differential.
Let Wt = (W 1t , . . . ,W 2nt ) be the standard 2n-dimensional Brownian motion on R2n. Let ξt =
(ξ1t , . . . , ξ
n
t ) be the complex martingales defined by
ξαt =
1√
2
(
W 2α−1t +
√−1W 2αt
)
, α = 1, . . . , n.
Following Ikeda and Watanabe [22] and Shigekawa and Ueki [38], the horizontal diffusion pro-
cess rt = (Xt , et , vt ) on U(M)×E is defined as the solution of the following Stratonovich SDE
on U(M)× E:
drt =
n∑
α=1
Aα(rt ) ◦ dξαt +
n∑
α=1
A¯α(rt ) ◦ dξ¯αt . (8)
By [22,7,38], Xt := π(rt ) is a Brownian motion on (M,g) and is called the Kähler diffusion
on (M,g). The stochastic parallel transport along the trajectory of the Kähler diffusion {Xs :
s ∈ [0, t]}, denoted by Ut ∈ End(T CX0M ⊗EX0, T CXtM ⊗EXt ), is defined by
Ut = rt r−10 .
Then, the SDE for the Kähler diffusion Xt can be reformulated as follows
dXt = Ut ◦ dξt ,
∇Ut
∂t
= 0,
where
∇
∂t
= ∇◦dXt + ∇◦dX¯t
denotes the complex Levi-Civita–Stratonovich covariant differential along the trajectory of the
diffusion process Xt . As ∇ is a Hermitian connection on Λr,kT ∗M ⊗E, we have
‖Ut‖ = 1, ∀t > 0.
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Recall that M is a stochastically complete Riemannian manifold if et1 ≡ 1 for all t > 0,
where  is the usual Laplace–Beltrami operator on M . By a theorem of Li and Schoen [29], if
the Ricci curvature on M satisfies Ric(x)−C(1 + d2(o, x)), ∀x ∈ M \ cut(o), where o ∈ M is
a reference point, and C  0 is a constant, then M is stochastically complete.
Using the maximum principle, and by the same argument as used for the proof of Theorem 5.2
in Dodziuk [16], we can prove the following:
Theorem 4.1. Let M be a complete and stochastically complete Kähler manifold, E a holomor-
phic Hermitian vector bundle over M . Suppose that there exists a constant a  0 such that
WEr,k −a.
Then L∞ solutions of the heat equation
(
∂
∂t
−E
)
ω(x, t) = 0, ∀x ∈ M, t  0,
ω(x,0) = ω(x), ∀x ∈ M,
on M × [0,∞) are uniquely determined by the initial data. Moreover, if the initial date vanishes
at infinity, then the solution vanishes at infinity for every t ∈ (0,∞).
The following result gives a Feynman–Kac type representation formula of the heat semigroup
Pt = e−tE generated by the Kodaira Laplacian E .
Theorem 4.2. Let Mr,kt ∈ End(Λr,kT ∗X0M ⊗ EX0,Λr,kT ∗XtM ⊗ EXt ) be the solution of the fol-
lowing covariant Stratonovich stochastic differential equation
∇
∂t
M
r,k
t = −
1
2
WEr,k(Xt )M
r,k
t , (9)
Mk0 = 1Λr,kT ∗X0M⊗EX0 . (10)
Let Mr,k,∗t ∈ End(Λr,kT ∗XtM ⊗ EXt ,Λr,kT ∗X0M ⊗ EX0) be the adjoint of Mr,kt . Then, for all
ω ∈ C∞0 (Λr,kT ∗M ⊗ E), we have
Ptω(x) = Ex
[
M
r,k,∗
t ω(Xt )
]
, ∀x ∈ M, t > 0, (11)
Proof. When r = 0, Theorem 4.2 is due to Bismut [7] and Shigekawa and Ueki [38]. In gen-
eral, we can prove Theorem 4.2 by the same argument as used in [7,38] or replacing E by
Λr,0T ∗M ⊗E. 
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In this subsection, we prove the following semigroup domination inequalities. In the real case,
it is due to Donnelly and Li [17] and Bakry [4].
Theorem 4.3. Let M be a complete Käher manifold, E be a holomorphic Hermitian vector
bundle over M . Suppose that Wr,k(E)  −a, where a ∈ R is a constant. Then, for all ω ∈
C∞0 (Λr,kT ∗M ⊗ E), and x ∈ M , t > 0, we have
∣∣e−t (a+E)ω(x)∣∣ et|ω|(x), (12)∣∣e−t√a+Eω(x)∣∣ e−t√−|ω|(x). (13)
Proof. By Theorem 4.2, we have the Feynman–Kac representation formula
e−tEω(x) = Ex
[
M
r,k,∗
t ω(Xt )
]
. (14)
Let v ∈ Λr,kT ∗X0M ⊗EX0 be fixed. By the fact that ∇ is a Hermitian connection on Λr,kT ∗X0M ⊗
EX0 , we have
d
dt
∥∥Mr,kt v∥∥2 =
〈∇
∂t
(
M
r,k
t v
)
,M
r,k
t v
〉
+
〈
M
r,k
t v,
∇
∂t
(
M
r,k
t v
)〉
.
Note that
∇
∂t
(
M
r,k
t v
)= ∇◦dXt (Mr,kt v)+ ∇◦dX¯t (Mr,kt v).
Taking complex conjugate, we get
∇
∂t
(
M
r,k
t v
)= ∇◦dX¯t (Mr,kt v)+ ∇◦dXt (Mr,kt v)= ∇∂t (Mr,kt v).
Therefore
d
dt
∥∥Mr,kt v∥∥2 = −12 〈WEr,k(Xt )Mr,kt v,Mr,kt v〉− 12 〈Mr,kt v,WEr,k(Xt )Mr,kt v〉.
Since WEr,k is a Hermitian endomorphism and W
E
r,k −a, we get
d
dt
∥∥Mr,kt v∥∥2 = −〈WEr,k(Xt )Mr,kt v,Mr,kt v〉 a∥∥Mr,kt v∥∥2.
Moreover, from (10), we have ‖Mr,k0 v‖ = ‖v‖. Using the Grownwall inequality, we then prove
that
∥∥Mr,kt v∥∥ eat‖v‖. (15)
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∣∣e−tEω(x)∣∣ eatEx[∣∣ω(Xt)∣∣], ∀x ∈ M, t > 0,
which is equivalent to (12). By the Bochner subordination, we can derive (13) from (12). The
proof of Theorem 4.3 is completed. 
Remark 4.4. One can give an alternative proof of Theorem 4.3 based on Duhamel’s principle
and Trotter’s product formula. In the case where E → M is a Riemannian vector bundle over a
compact Riemannian manifold M , see Theorem 4.3 in Donnelly and Li [17].
5. Riesz transforms and Riesz potentials
5.1. Definitions and statement of results
On all complete Kähler manifolds, the Kodaira Laplacian E is a non-negative essentially
self-adjoint operator on L2(ΛT ∗M ⊗ E), cf. [36]. The square root of E , denoted by E,1/2,
is well-defined by spectral decomposition. We now introduce the Riesz potentials and the Riesz
transforms associated with the Kodaira Laplacian on holomorphic Hermitian vector bundles over
complete Kähler manifolds.
Definition 5.1. Let a  0 be a constant. We say that an E-valued (r, k)-form ω ∈ Lp(Λr,kT ∗M ⊗
E) belongs to the domain of the Riesz potential (a +E)−1/2 in Lp , if
(
a +E)−1/2ω := 1
Γ (1/2)
lim
A→∞
A∫
0
e−t (a+E)ω dt√
t
exists in Lp(Λr,kT ∗M ⊗E). Similarly, an E-valued (r, k)-form ω ∈ Lp(Λr,kT ∗M ⊗E) belongs
to the domain of the Riesz transform ∂¯E(a +E)−1/2 (respectively, ∂¯E,∗(a +E)−1/2) in Lp ,
if
∂¯E
(
a +E)−1/2ω := 1
Γ (1/2)
lim
A→∞
A∫
0
∂¯Ee−t (a+E)ω dt√
t
exists in Lp(Λr,k+1T ∗M ⊗E) (respectively,
∂¯E,∗
(
a +E)−1/2ω := 1
Γ (1/2)
lim
A→∞
A∫
0
∂¯E,∗e−t (a+E)ω dt√
t
exists in Lp(Λr,k−1T ∗M ⊗E)).
The main results of this section are stated as follows.
634 X.-D. Li / Advances in Mathematics 224 (2010) 620–647Theorem 5.2. Let M be a complete and stochastically complete Kähler manifold, E be a holo-
morphic Hermitian vector bundle over M . Suppose that there exists a constant ρ > 0 such that
Wr,k(E) ρ.
Then, for all p > 1, and ω ∈ Lp(Λr,kT ∗M ⊗E)∩ (KerE)⊥, we have
∥∥E,−1/2ω∥∥
p
 1√
ρ
‖ω‖p.
Proof. By Theorem 4.3, under the curvature condition Wr,k(E)−ρ, we have
∥∥e−tEr,kω∥∥
p
 e−ρt‖ω‖p, ∀t > 0.
Using the Bochner subordination, and using the fact that et is Lp-contractive, for all ω ∈
Lp(Λr,kT ∗M ⊗ E)∩ (KerE)⊥, we have
∥∥E,−1/2ω∥∥
p
 1
Γ (1/2)
∞∫
0
∥∥e−tEω∥∥
p
dt√
t
 1
Γ (1/2)
∞∫
0
e−ρt
∥∥et|ω|∥∥
p
dt√
t
 1
Γ (1/2)
∞∫
0
e−ρt‖ω‖p dt√
t
= ‖ω‖p√
ρ
.
The proof of Theorem 5.2 is completed. 
Theorem 5.3. Let M be a complete and stochastically complete Kähler manifold, E be a holo-
morphic Hermitian vector bundle over M . Suppose that there exists a constant a  0 such that
Wr,i(E)−a, i = k − 1, k.
Then, there exists a constant Cr,k > 0 depending only on r and k, such that, for all p > 1,
ω ∈ Lp(Λr,k−1T ∗M ⊗E) and η ∈ Lp(Λr,kT ∗M ⊗E), we have
∥∥∂¯E(a +Er,k−1)−1/2ω∥∥p  Cr,k(p∗ − 1)3/2‖ω‖p, (16)∥∥∂¯E,∗(a +Er,k)−1/2η∥∥p,p  Cr,k(p∗ − 1)3/2‖η‖p. (17)
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transforms associated to the Hodge Laplacian on complete Riemannian manifolds. See Bakry [4]
and X.-D. Li [31]. To save the length of the paper, we omit it here. 
6. Lp-estimates and existence theorems of ∂¯
In this section we prove the Lp-estimates and existence theorems of ∂¯-operator on complete
Kähler manifolds with natural geometric conditions.
Theorem 6.1. Let M be a complete Kähler manifold, n = dimCM , and E be a holomorphic
Hermitian vector bundle on E. Let r = 0,1, . . . , n, k = 1, . . . , n. Suppose that Wr,k(E)  ρ,
where ρ > 0 is a constant. Then, for all p > 1, the range of the Kodaira Laplacian Er,k is closed
in Lp(Λr,kT ∗M ⊗E). Moreover, we have
∥∥E,−1r,k ω∥∥p  ‖ω‖pρ . (18)
Proof. By Theorem 5.2, the Riesz potential E,−1/2r,k is bounded in Lp for all p > 1, and for all
ω ∈ Lp(Λr,kT ∗M ⊗ E),
∥∥E,−1/2r,k ω∥∥p,p  ‖ω‖p√ρ , ∀p > 1.
Hence, the Green operator E,−1r,k is bounded in Lp and
∥∥E,−1r,k ω∥∥p,p  ∥∥E,−1/2r,k ∥∥2p,p‖ω‖p  ‖ω‖pρ , ∀p > 1.
By the Banach Open Mapping Theorem, the range of E is closed in Lp(ΛT ∗M ⊗ E). The
proof is completed. 
6.1. The Lp-boundedness of the Bergman projection
Let
Hr,kp (M,E) =
(
KerEr,k
)∩ Lp(Λr,kT ∗M ⊗ E).
By the Hahn–Banach Theorem and using the uniform convexity of the Lp-space for all p > 1,
we can prove that there exists a linear operator
Hp : Lp
(
Λr,kT ∗M ⊗E)→Hr,kp (M,E),
called the Lp-Bergman projection, such that, for all ω ∈ Lp(Λr,kT ∗M ⊗ E), Hpω is the unique
element in Hr,kp (M,E) satisfying
‖ω − Hpω‖p = inf
u∈Hr,k(M,E)
‖ω − u‖p.
p
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Theorem 6.2. Let M be a complete Kähler manifold, E a holomorphic Hermitian vector bundle.
Suppose that
Wr,k(E) 0, Wr,k±1(E) 0.
Then the Bergman projection Hp : Lp(ΛT ∗M ⊗ E) → Hr,kp (M,E) is bounded in Lp for all
p > 1. More precisely, there exists a constant Cr,k > 0 depending only on r and k such that, for
all p > 1 and ω ∈ Lp(Λr,kT ∗M ⊗E),
‖Hpω‖p 
(
1 + Cr,k
(
p∗ − 1)3)‖ω‖p.
Proof. By the Weak L2-Hodge decomposition theorem on complete Kähler manifolds, we have
ω = H2ω + ∂¯E∂¯E,∗E,−1ω + ∂¯E,∗∂¯EE,−1ω, (19)
where H2 : L2(Λr,kT ∗M ⊗E) →Hr,k2 (M,E) is the L2-Bergman projection. Using the fact that
∂¯EE =E∂¯E and ∂¯E,∗E =E∂¯E,∗, we have
∂¯E∂¯E,∗E,−1k = ∂¯EE,−1k−1 ∂¯E,∗ = ∂¯EE,−1/2k−1 E,−1/2k−1 ∂¯E,∗
= (∂¯EE,−1/2k−1 )(∂¯EE,−1/2k−1 )∗.
Similarly
∂¯E,∗∂¯EE,−1k =
(
∂¯EE,−1/2k
)∗(
∂¯EE,−1/2k
)
.
By Theorem 5.3, as Wr,k(E)  0 and Wr,k±1(E)  0, the Riesz transforms ∂¯EE,−1/2k and
∂¯E,∗E,−1/2k are bounded in Lp for all p > 1. Let q = pp−1 . By duality argument, we have
∥∥(∂¯EE,−1/2k )∗∥∥q,q = ∥∥∂¯EE,−1/2k ∥∥p,p,∥∥(∂¯EE,−1/2k−1 )∗∥∥q,q = ∥∥∂¯EE,−1/2k−1 ∥∥p,p.
Therefore
∥∥∂¯E,∗∂¯EE,−1k ∥∥p,p  ∥∥(∂¯EE,−1/2k )∗∥∥p,p∥∥∂¯EE,−1/2k ∥∥p,p
= ∥∥∂¯EE,−1/2k ∥∥q,q∥∥∂¯EE,−1/2k ∥∥p,p,
and
∥∥∂¯E∂¯E,∗E,−1k ∥∥p,p  ∥∥(∂¯E,∗E,−1/2k )∗∥∥p,p∥∥∂¯E,∗E,−1/2k ∥∥p,p
= ∥∥∂¯E,∗E,−1/2∥∥ ∥∥∂¯E,∗E,−1/2∥∥ .k q,q k p,p
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‖I − Hp‖p,p 
∥∥∂¯E,∗E,−1/2k ∥∥p,p∥∥∂¯E,∗E,−1/2k ∥∥q,q + ∥∥∂¯EE,−1/2k ∥∥q,q∥∥∂¯EE,−1/2k ∥∥p,p.
The proof of Theorem 6.2 is completed. 
6.2. Proof of Theorem 2.2
By density argument, we may assume α ∈ C∞0 (Λr,k+1T ∗M ⊗E) and β ∈ C∞0 (Λr,k−1T ∗M ⊗
E). By Theorem 6.1, as Wr,k  ρ > 0, the Green operator E,−1r,k is bounded in Lp for all p > 1.
By the Strong L2-Hodge decomposition theorem, there exists a unique ω ∈ L2(Λr,kT ∗M ⊗E)∩
(KerEr,k)⊥, called the canonical solution, which solves (3). Moreover, we have
ω =E,−1r,k
(
∂¯E,∗α + ∂¯Eβ). (20)
By Theorem 5.3, as Wr,i(E)  0, i = k − 1, k, k + 1, the Riesz transforms ∂¯EE,−1/2r,k and
∂¯E,∗E,−1/2r,k are bounded in Lp for all p > 1. Moreover, there exists some constant Cr,k > 0
such that
∥∥E,−1/2r,k ∂¯E∥∥p,p = ∥∥∂¯E,∗E,−1/2r,k ∥∥q,q  Cr,k(p∗ − 1)3/2,∥∥E,−1/2r,k ∂¯E,∗∥∥p,p = ∥∥∂¯EE,−1/2r,k ∥∥q,q  Cr,k(p∗ − 1)3/2,
where q = p
p−1 . By Theorem 5.2, the Riesz potential 
E,−1/2
r,k is well-defined on Lp(Λr,kT ∗M)
and we have
∥∥E,−1/2r,k ∥∥p,p < 1√ρ .
Hence
‖ω‖p 
∥∥E,−1/2r,k ∥∥p,p(∥∥E,−1/2r,k ∂¯E,∗∥∥p,p‖α‖p + ∥∥E,−1/2r,k ∂¯E∥∥p,p‖β‖p)
= ∥∥E,−1/2r,k ∥∥p,p(∥∥∂¯EE,−1/2r,k ∥∥q,q‖α‖p + ∥∥∂¯E,∗E,−1/2r,k ∥∥q,q‖β‖p)
 Cr,k(p
∗ − 1)3/2√
ρ
(‖α‖p + ‖β‖p).
This proves the first part of Theorem 2.2.
To prove the second part of Theorem 2.2, for all ω ∈ W 1,p(Λr,kT ∗M ⊗ E), let α = ∂¯Eω and
β = ∂¯E,∗ω. By the Strong L2-Hodge decomposition theorem on complete Kähler manifolds,
u = ω − H2ω is the canonical solution to the Hodge system
∂¯Eu = α, ∂¯E,∗u = β.
Applying (4) to u = ω − H2ω, we obtain the Lp-Poincaré inequality (5) in Theorem 2.2. 
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By the Strong L2-Hodge decomposition theorem on complete Kähler manifolds, the canonical
solution of ∂¯Eω = α in L2(Λr,k−1T ∗M ⊗ E)∩ (Ker ∂¯E)⊥ is given by
ω =E,−1r,k−1∂¯E,∗α =
(
∂¯EE,−1/2r,k−1
)∗E,−1/2r,k α.
Let q = p
p−1 . By the L
p
-boundedness of the Riesz potential E,−1/2r,k and the Lq -boundedness
of the Riesz transform ∂¯EE,−1/2r,k−1 , we have
‖ω‖p 
∥∥(∂¯EE,−1/2r,k−1 )∗∥∥p,p∥∥E,−1/2r,k ∥∥p,p‖α‖p
= ∥∥∂¯EE,−1/2r,k−1 ∥∥q,q∥∥E,−1/2r,k ∥∥p,p‖α‖p
 Cr,k(p
∗ − 1)3/2√
ρ
‖α‖p.
This proves that the L2-canonical solution ω = E,−1r,k−1∂¯E,∗α to ∂¯Eω = α satisfies the desired
Lp-estimate in Theorem 2.1. The proof of second part of Theorem 2.1 will be given in Section 8.
See Theorem 7.3. 
7. Vanishing theorems of Lp-cohomology
In this section, we prove some vanishing theorems of the Lp-Dolbeault cohomology and the
Lp-torsion of ∂¯ on complete Kähler manifolds.
We first introduce some notations and definitions. Let M be a complete Kähler manifold, E be
a holomorphic Hermitian vector bundle over M . For all p > 1, let
W 1,p
(
Λr,kT ∗M ⊗ E)= {ω ∈ Lp(Λr,kT ∗M ⊗E): ∣∣∂¯Eω∣∣, ∣∣∂¯E,∗ω∣∣ ∈ Lp(M,v)},
Ωr,kp (M,E) =
{
ω ∈ Lp(Λr,kT ∗M ⊗ E): ∂¯Eω ∈ Lp(Λr,k+1T ∗M ⊗E)},
LpHr,k(M,E) = {ω ∈ W 1,p(Λr,kT ∗M ⊗ E): ∂¯Eω = 0, ∂¯E,∗ω = 0},
Hr,kp (M,E) =
{
ω ∈ Lp(Λr,kT ∗M ⊗E): Eω = 0}.
By definition, the (r, k)-th unreduced and the (r, k)-th reduced Lp-Dolbeault cohomology on
E → M , denoted by Hr,kp (M,E) and Hr,kp (M,E) respectively, are defined by
Hr,kp (M,E) =
(
Ker ∂¯E
)∩Ωr,kp (M,E)/∂¯EΩr,k−1p (M,E),
Hr,kp (M,E) =
(
Ker ∂¯E
)∩Ωr,kp (M,E)/∂¯EΩr,k−1p (M,E),
where ∂¯EΩr,k−1p (M,E) denotes the closure of ∂¯EΩr,k−1p (M,E) in Lp(Λr,kT ∗M,E). As the
range of ∂¯E , i.e., ∂¯EΩr,k−1p (M,E), may not be closed in Lp(Λr,kT ∗M ⊗ E), Hr,kp (M,E)r,k−1
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Lp-torsion:
Tr,kp (M,E) = Hr,kp (M,E)/Hr,kp (M,E).
7.1. Two criteria
To prove the vanishing theorems of the Lp-Dolbeault cohomology and the Lp-Dolbeault
torsion on complete Kähler manifolds, we need the following criteria.
Theorem 7.1. Let M be a complete Kähler manifold with n = dimCM , E be a holomorphic
Hermitian vector bundle over M . Let p > 1, and r, k = 0,1, . . . , n. Then the unreduced (r, k)-th
Lp-cohomology on M vanishes, i.e.,
Hr,kp (M,E) = 0,
if and only if for all α ∈ Lp(Λr,kT ∗M ⊗E,dv)∩ Ker(∂¯E), the Cauchy–Riemann equation
∂¯Eω = α
has a solution in Lp(Λr,k−1T ∗M ⊗ E) and the following Lp-inequality holds:
‖ω‖p  Cp,r,k‖α‖p,
where Cp,r,k > 0 is a constant depending only on p, r and k.
Proof. The proof is similar to the one of Theorem 5.1 in [33]. 
Theorem 7.2. Let M be a complete Kähler manifold with n = dimCM , E be a holomorphic
Hermitian vector bundle over M . Let p > 1, r, k = 0,1, . . . , n. Then the (r, k)-th Lp-Dolbeault
cohomology on M is reduced, i.e.,
Tr,kp (M,E) = 0,
if and only if the following Lp-Poincaré inequality holds: there exists a constant Cp,r,k > 0 such
that, for all ω ∈ Ωr,k−1p (M,E), there exists some ω˜ ∈ Ωr,k−1p (M,E) with
∂¯Eω˜ = ∂¯Eω,
and
‖ω˜‖p  Cp,r,k
∥∥∂¯Eω˜∥∥
p
.
Proof. The proof is similar to the one of Theorem 5.2 in [33]. 
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We now state the main result of this section, which can be considered as a natural extension of
the well-known Akizuki–Kodaira–Nakano vanishing theorem of the Dolbeault cohomology on
compact Kähler manifolds [25,24,12] and the Hörmander–Andreotti–Vesentini vanishing theo-
rem of the L2-Dolbeault cohomology on strongly pseudo-convex domains and complete Kähler
manifolds [3,20,21].
Theorem 7.3. Let M be a complete Kähler manifold, E a holomorphic Hermitian vector bundle
over M . Let r = 0,1, . . . , n, k = 1, . . . , n. Suppose that there exists a constant ρ > 0 such that
Wr,k−1(E) 0, Wr,k(E) ρ.
Then, for all p > 1, we have
Hr,kp (M,E) = Hr,kp (M,E) = 0.
Proof. Theorem 7.3 follows from Theorem 7.1 and the result of the first part of Theorem 2.1. 
8. Lp-estimates and Lp-cohomology on holomorphic vector bundles with conformal
metric
In this section, we extend the main results of this paper to the ∂¯-operator by introducing
conformal factor e−φ to Hermitian metrics on holomorphic vector bundles over complete Kähler
manifolds.
8.1. Definitions and statement of results
Let M be a complete Kähler manifold, E a holomorphic Hermitian vector bundle over M .
Let φ ∈ C2(M,R). Let Eφ = (E,hφ) be the holomorphic vector bundle on M with fiber E· on
which the Hermitian metric is given by
h
φ
αβ¯
= e−2φhαβ¯ .
Let ∇φ denotes the Chern connection on Eφ = (E,hφ). Let ∂¯E,∗φ be the L2-adjoint operator of
∂¯Eφ = ∂¯E on L2(M,Λp,qT ∗M ⊗ Eφ). Let Eφ be the Kodaira Laplacian on Eφ-valued (p, q)-
forms over M . The horizontal Laplacian on Eφ-valued (p, q)-forms is given by
Eφ = gij¯∇φi ∇φj¯ + gij¯∇
φ
j¯
∇φi .
Let p > 1, r = 0,1, . . . , n and k = 1, . . . , n. Then we can introduce the (r, k)-th unreduced
Lp-Dolbeault cohomology and the (r, k)-th reduced Lp-Dolbeault cohomology on Eφ → M
as follows:
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(
Ker ∂¯E
)∩Ωr,kp (M,Eφ)/∂¯EΩr,k−1p (M,Eφ),
Hr,kp (M,E,φ) :=
(
Ker ∂¯E
)∩Ωr,kp (M,Eφ)/∂¯EΩr,k−1p (M,Eφ).
Similarly, the (r, k)-th Lp-torsion of ∂¯ on Eφ → M is defined by
Tr,kp (M,E,φ) := Hr,kp (M,E,φ)/Hr,kp (M,E,φ).
Let u =∑α uαsα be an E-valued (p, q)-form on M ,
uα = 1
p!q!
∑
Ip,J¯q
uα
IpJ¯q
dzIp ∧ dzJ¯q ,
where Ip = (i1, . . . , ip), J¯q = (j¯1, . . . , j¯q), and sα is a local basis of holomorphic sections on E.
Let ∂∂¯φ : Λp,qT ∗M ⊗E → Λp,qT ∗M ⊗E be defined by
(∂∂¯φu)IpJ¯q =
q∑
ν=1
∂l∂j¯ν φuIpj¯1...(l¯)ν ...j¯q .
Let Θαβ¯ij¯ be the curvature tensor of (E,hφ). By direct computation, we have
Θαβ¯ij¯ = e−2φΩαβ¯ij¯ + 2e−2φ∂i∂j¯ φhαβ¯ .
Therefore Θ β¯
α ij¯
= Ω β¯
α ij¯
+ 2∂i∂j¯ φδαβ , and Θβα = Ωβα + 2φδαβ . This yields
Wp,q(Eφ)u = Wp,q(E)u + 4
q∑
ν=1
∂l∂j¯ν φuIpj¯1...(l¯)ν ...j¯q − 2φuIpJ¯q . (21)
Let
Wp,q(E,φ) = Wp,q(E)+ 4∂∂¯φ − 2φ.
Then, a combination of (21) and (1) yields the following Bochner–Lichnerowicz–Weitzenböck
formula
2Eφ = −Eφ +Wp,q(E,φ).
We now state the corresponding version of the main results of this paper to the ∂¯-operator
by introducing conformal factor e−φ to Hermitian metrics on holomorphic vector bundles over
complete Kähler manifolds.
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over M , and φ ∈ C2(M,R). Suppose that there exists a constant ρ > 0 such that
Wr,k−1(E,φ) 0, Wr,k(E,φ) ρ.
Then, for all p > 1, and α ∈ Lp(Λr,k+1T ∗M ⊗E,e−pφ dv) satisfying
∂¯Eα = 0,
there exists a unique ω ∈ Lp(Λr,kT ∗M ⊗E,e−pφ dv)∩ (Ker ∂¯)⊥ such that
∂¯Eω = α,
and there exists a constant Cr,k > 0 depending only on r and k such that
(∫
M
|ω|pe−pφ dv
)1/p
 Cr,k(p
∗ − 1)3/2√
ρ
(∫
M
|α|pe−pφ dv
)1/p
, (22)
where
p∗ = max
{
p,
p
p − 1
}
.
Moreover, for all p > 1, we have
Hr,kp (M,E,φ) = Hr,kp (M,E,φ) = 0.
Theorem 8.2. Let M be a complete Kähler manifold, E a holomorphic Hermitian vector bundle
over M , and φ ∈ C2(M,R). Suppose that there exists a constant ρ > 0 such that
Wr,k±1(E,φ) 0, Wr,k(E,φ) ρ.
Then, for all p > 1, α ∈ Lp(Λr,k+1T ∗M ⊗E,e−pφ dv) and β ∈ Lp(Λr,k−1T ∗M ⊗E,e−pφ dv)
such that
∂¯Eα = 0, ∂¯E,∗φ β = 0,
there exists a unique ω ∈ Lp(Λr,kT ∗M ⊗E,e−pφ dv)∩ (KerEφ )⊥ such that
∂¯Eω = α, ∂¯E,∗φ ω = β,
and there exists a constant Cr,k > 0 depending only on r and k such that
‖ω‖φ,p  Cr,k(p
∗ − 1)3/2√ (‖α‖φ,p + ‖β‖φ,p). (23)
ρ
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‖ω − Hω‖φ,p  Cr,k(p
∗ − 1)3/2√
ρ
(∥∥∂¯Eω∥∥
φ,p
+ ∥∥∂¯E,∗φ ω∥∥φ,p), (24)
where H denotes the Lp-Bergman projection from Lp(Λr,kT ∗M ⊗E,e−pφ dv) onto (KerEφ )∩
Lp(Λr,kT ∗M ⊗E,e−pφ dv).
We now consider the special case of holomorphic line bundles over complete Kähler mani-
folds. Let L is a Hermitian holomorphic line bundle over a complete Kähler manifold M . Let
λ1  · · ·  λn be the eigenvalues of the curvature form Ωij¯ , r1  · · ·  rn be the eigenval-
ues of the Ricci curvature Rij¯ on (M,g), and ν1  · · ·  νn be the eigenvalues of 2∂∂¯φ. Let
μi = λi + νi , i = 1, . . . , n. Set
W 0,q (E,φ) := μ1 + · · · + μq − μq+1 − · · · −μn + qr1,
Wn,q(E,φ) := μ1 + · · · + μq − μq+1 − · · · −μn + r1 + · · · + rn − qrn.
Note that
W0,q (E,φ)W 0,q (E,φ), Wn,q(E,φ)Wn,q(E,φ).
Combining the above curvature bounds with Theorem 8.1, we derive the following Lp-
estimates and existence of ∂¯ as well as vanishing theorem of the Lp-Dolbeault cohomology on
holomorphic line bundles with a conformal factor on the Hermitian metric over complete Kähler
manifolds.
Theorem 8.3. Let M be a complete Kähler manifold, E a holomorphic Hermitian line bundle
over M , and φ ∈ C2(M,R). Suppose that there exists a constant ρ > 0 such that
W 0,k−1(E,φ) 0, W 0,k(E,φ) ρ.
Then, for all p > 1, and α ∈ Lp(Λ0,k+1T ∗M ⊗E,e−pφ dv) satisfying
∂¯Eα = 0,
there exists a unique ω ∈ Lp(Λ0,kT ∗M ⊗E,e−pφ dv)∩ (Ker ∂¯)⊥ such that
∂¯Eω = α,
and there exists a constant Ck > 0 depending only on k such that
(∫
M
|ω|pe−pφ dv
)1/p
 Ck(p
∗ − 1)3/2√
ρ
(∫
M
|α|pe−pφ dv
)1/p
.
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H0,kp (M,E,φ) = H0,kp (M,E,φ) = 0.
Similar results hold for E-valued (n, k)-forms and for the (n, k)-th Lp-cohomology providing
Wn,k−1(E,φ) 0 and Wn,k(E,φ) ρ.
8.2. Proof of Theorem 8.1
By (21), we have Wr,k−1(Eφ) = Wr,k−1(E,φ) 0 and Wr,k(Eφ) = Wr,k(E,φ) ρ. By The-
orem 2.1, there exists a unique ω ∈ (Ker ∂¯E)⊥ ∩Lp(Λr,k−1T ∗M ⊗ Eφ) such that
∂¯Eω = α,
and satisfies the following Lp-estimate with respect to the conformal metric | · |φ :
∥∥|ω|φ∥∥p  Cr,k(p∗ − 1)3/2√ρ
∥∥|α|φ∥∥p,
which is equivalent to (22). Moreover, by Theorem 2.1, we have Hr,kp (M,E,φ) =
Hr,kp (M,E,φ) = 0. The proof of Theorem 8.1 is completed. 
8.3. Proof of Theorem 8.2
By (21), we have Wr,k±1(Eφ) = Wr,k±1(E,φ) 0 and Wr,k(Eφ) = Wr,k(E,φ) ρ. By The-
orem 2.2, there exists a unique ω ∈ (Ker ∂¯E)⊥ ∩Lp(Λr,kT ∗M ⊗Eφ) such that
∂¯Eω = α, ∂¯E,∗φ ω = β.
Moreover, there exists some constant Cr,k > 0 such that, for all p > 1, we have
∥∥|ω|φ∥∥p  Cr,k(p∗ − 1)3/2√ρ (
∥∥|α|φ∥∥p + ∥∥|β|φ∥∥p),
which is equivalent to (23) as stated in the first part of Theorem 8.2.
To prove the second part of Theorem 8.2, for all ω ∈ W 1,p(Λr,kT ∗M ⊗ E,e−pφ dv), let
α = ∂¯Eω and β = ∂¯E,∗ω. By the Strong L2-Hodge decomposition theorem on complete Kähler
manifolds, u = ω − H2ω is the canonical solution to the Hodge system
∂¯Eu = α, ∂¯E,∗u = β.
Applying (23) to u = ω − H2ω, we derive the Lp-Poincaré inequality (24). This ends the proof
of Theorem 8.2. 
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Consider the particular case where k = 1 and r = 0,1 . . . , n. We have Wφ,r,0(E) = 0. Suppose
that
Wr,1(E,φ) 0.
By the same argument as used in [30,31], we can prove that the Riesz transform ∂¯EE,−1/2φ,r,0 is
bounded in Lp for all p > 1, and its Lp-norm (with respect to the conformal Hermitian metric
| · |φ on the fiber) satisfies
∥∥∂¯E−1/2φ,r,0∥∥p,p  2(p∗ − 1), ∀p > 1. (25)
By (25) and using the same argument as in the proof of Theorem 2.1, we can prove the following
Lp-estimate and existence theorem of ∂¯ on Λ•,1T ∗M ⊗ E.
Theorem 8.4. Let M be a complete Kähler manifold, E be a holomorphic Hermitian vector
bundle over M , and φ ∈ C2(M,R). Suppose that there exists a constant ρ > 0 such that
Wr,1(E,φ) ρ.
Then, for all α ∈ Lp(Λr,1T ∗M ⊗E,e−pφ dv) such that
∂¯Eα = 0,
there exists a unique ω ∈ Lp(Λr,0T ∗M ⊗E,e−pφ dv)∩ (Ker ∂¯E)⊥ such that
∂¯Eω = α
and
(∫
M
|ω|pe−pφ dv
)1/p
 Cr(p
∗ − 1)√
ρ
(∫
M
|α|pe−pφ dv
)1/p
.
Notice that, when E = M × C, r = 0 and k = 1, we have
W0,1(E,φ) = Ric + 4∂∂¯φ − 2φ.
Corollary 8.5. Let M be a complete Kähler manifold, and φ ∈ C2(M,R). Suppose that
Ric + 4∂∂¯φ − 2φ  ρ.
Then, for all α ∈ Lp(Λ0,1T ∗M,e−pφ dv) such that
∂¯α = 0,
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∂¯u = α
and
(∫
M
|u|pe−pφ dv
)1/p
 2(p
∗ − 1)√
ρ
(∫
M
|α|pe−pφ dv
)1/p
.
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